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Abstract: In this paper, we study a fractional algebraic problem based on a new multiplication of fractional analytic
functions. We can solve this fractional algebraic problem by using some techniques. In fact, the solutions are
generalizations of the solutions of ordinary algebraic problem.

Keywords: Fractional algebraic problem, New multiplication, Fractional analytic functions.

I. INTRODUCTION

Fractional calculus is a branch of mathematical analysis which deals with the research and applications of integrals and
derivatives of arbitrary order. In recent decades, the applications of fractional calculus in various fields of science is growing
rapidly, such as applied mathematics, physics, bioengineering, mechanics, control theory, electrical engineering, modelling,
financial economics, etc [1-12].

In this paper, based on a new multiplication of fractional analytic functions, a fractional algebraic problem is studied. Using
some methods, the solutions of this fractional algebraic problem can be obtained. On the other hand, our results are
generalizations of the results of classical algebraic problem.

Il. PRELIMINARIES
Definition 2.1 ([13]): Assume that x and a,, are real numbers for all k, and 0 < a < 1. If the function f,: [a, b] = R can

be expressed as an a-fractional power series, that is, f, (x%) = Xr=o F(k‘;"ﬂ)x"“, then we say that f,(x%) is a-fractional

analytic function.
In the following, we introduce a new multiplication of fractional analytic functions.

Definition 2.2 ([14]): If 0 < a < 1. Suppose that f,(x%) and g, (x%) are two a-fractional analytic functions,

ay — o ak ka _ yoo Gk 1 a ®k
fa(x) = ko F(ka+1)x = Xk=o k! (I‘(a+1)x ) ' (1)
ay — oo by ka _ o E 1 a ®k
9a(x*) = Xicwo Tkatn)~ Yi-0%, (F(a+1)x ) : @)
Then
Ja(x) & go(x)
_ \'®© ak ka o bk ka
= Zio Tka+1) ™~ ® Yico ka+1) ~
_ ' 1 k k ka
_ZRZOF(kOHI)( m=0 (m) ak_mbm)x : 3)
Equivalently,
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fu ) ® 9o ()
= 3, % (L xe) ™ @ i, e (L xe)

(a+1) [(a+1)

B Z’?:O% (an:o (r]:z) ak_mbm) (r(a1+1) xa)®k ' (4)

Definition 2.3 ([15]): If 0 < a <1, and f,(x%), g, (x%) are two a-fractional analytic functions. Then (fa(x“))®" =
fo(x®) Q - Q f,(x%) is called the nth power of f,(x%). On the other hand, if f,(x*) & g,(x*) =1, then g, (x%) is

called the ® reciprocal of £, (x%), and is denoted by (fa(x“))®_1.
Il. MAIN RESULTS

In this section, we solve a fractional algebraic problem. At first, we need a lemma.

1

Lemma 3.1: Suppose that 0 < a < 1, p, t are real numbers, and n is a positive integer. If vy t* = p, then
1 a ®n _ nTla+DI" on
[F(a+1) t ] T I(na+1) p )
Proof Since t* =T'(a + 1) -p, it follows that
1 41%"
[F(a+1)t ]
— n! na
'(na+1)
— n! ayn
- I'(na+1) (t )
=—"_[I(a+1) p]"
- I'(na+1) a p
_ nif@+n]™ 4,
T I(na+1)
Q.ed
Problem 3.2: Assume that 0 < @ < 1,and A is a real number, 1 # 0. If
®-1
1 a 1 a ®2 _ 1 a _
F(a+1)x ® [[r(a+1)x ] Ta+D) ™ + 1] =4. (©)
Find
Q-1
1 REE 1 «8F 1 21%2
[[‘(a+1)x ] ®[[F(¢z+1)x ] [[‘(a+1)x ] +1 ’ (7)
and
®3 ®6 ®3 ®-1
1 a 1 a _ 1 a
[l"(a+1)x ] ®[[F(a+1)x ] [F(tx+1)x ] + 1] ’ (8)
Solution Since
1 <171 1 % 1 @ _1
[[‘(a+1)x ] ® [[F(a+1)x ] I‘(a+1)x +1)= A’ (9)
It follows that
1 a 1 A9 1
[F(a+1)x ] + [F(a+1)x ] 2 +1. (10)
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Let
- ®-1
[F(a1+1) r“]® 1 = [F(a1+1) x“]®2 ® [[F(a1+1) x“]®4 - [I‘(a+1) x“]®2 + 1] :
Then
F(a1+1) ré
= [F(a1+1) x“]®_2 ® [[F(a1+1) x“]®4 N [F(a1+1) x“]®2 + 1]
= [F(a1+1) x“]®2 + [F(a1+1)xa]®_2 -1
~-11®2
= [ [[‘(a1+1) xa] + [F(ocl+1)xa]® 1] -3
=%-G+ 1)2—3. (by Lemma 3.1)
Therefore,
1 41%2 TR A N S L ®-1
[l"(a+1)x ] ® [[F(a+1) ] [l"(a+1)x ] + 1]
- [r(a1+1)ta]®_1
T(2a+1)
On the other hand, let
- ®3 ®-1
[l"(a1+1) 50‘]® 1 - [F((x1+1) x“] ® [[F(a1+1) x“]®6 - [l"(a1+1) x“]®3 + 1] ’
Then by Lemma 3.1,
1 a
r(a+1) S
= [I‘(a1+1) x“]®_3 ® [[F(a1+1)xa]®6 - [[‘(a+1) “]®3 + 1]
- [l"(a1+1) x“]®3 + [F(a1+1) x“]®_3 -1
~119®3 -
- [ [l"(a1+1) x“] + [F(a1+1) x“]® 1] -3 [ [F(a1+1) x“] + [F(a1+1) x“]® 1] -1

= el (1) 3(te1) -1

r(3a+1)

Thus,

[
X
F(a+1)

_ [ 1 a]®_1
“Ir(a+n)
_ 1

RE ) G

“]®3 ® [[F(a1+1) x“]®6 - [I‘(a1+1)
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®3 ®-1
x“] + 1]

(11)

(12)

(13)

(14)

(15)

(16)
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IV. CONCLUSION

In this paper, based on a new multiplication of fractional analytic functions, we study a fractional algebraic problem. In
fact, the fractional algebraic problem is a generalization of traditional algebraic problem. By some methods, we can find
the solutions of this fractional algebraic problem. In the future, we will continue to use the new multiplication of fractional
analytic functions to solve the problems in applied mathematics and fractional differential equations.
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